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Abstract
The computational fragility spectra of atoms on the reaction path are presented for a selection of canonical processes represented
by an amino group rotation around the (X)HC–NH(Y) bond (X = O, S; Y=H, CH3). Calculated spectra are found to very
accurately describe the variation of atomic valence. Significant linear correlation is also demonstrated between the Wiberg bond
indices and the corresponding elements of the connectivity matrix, instrumental for calculation of the spectra. Demonstrated
atomic fragility spectra contain rich and subtle information on the variation of the bonding status of all atoms, including the weak
interacting individual hydrogens. Correlation with the atomic valences confirm the earlier finding that the spectra contain a
picture of the electron density flow upon a reaction.
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Introduction

We have studied molecular reactivity modifications along the
course of chemical reaction for a long time [1–3]. We have
developed regional chemical potential evolution and identi-
fied the most reactive state along the IRC reaction path [4].
Recently, we introduced a new concept of reaction fragility to
identify reaction mechanism and to spot electron density mod-
ifications along the IRC reaction path [5, 6] . We introduced a
novel approach, aiming at observation of the electron density
flow between atoms, rather than tracing the global parameters
of the system. This requires focusing on atoms in the reacting

system. Instead of exploring the common population analyses,
the Hellman–Feynman (H–F) forces on nuclei have been pro-
posed for a description of an atom-in-molecule with no other
arbitrary definition thereof [7].

The H–F force on a nucleus is characterized by two
features, essential from the chemical point of view. As
demonstrated by Feynman [8], the force acting on a nucle-
us represents an effect of the electron density function in
the entire system ρ(r), and yet, it identifies the atom with
no need to introduce some artificial partition of the electron
density (Eq. 1).

−∇AE ¼ FA þ Fn−n
A ð1Þ

The H–F force (FA) contains uniquely the effect of the
whole electron density on a single nucleus:

FA ¼ ∫ρ rð ÞεA rð Þ ð2Þ

The inter-nuclear interactions are separated in Fn−n
A :

Fn−n
A ¼ ∑

atoms

B≠A
ZBεA RBð Þ ð3Þ

where

εA rð Þ ¼ −∇Aυ rð Þ ð4Þ
is the electric field due to the nucleus A at point r.
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Although the electron density function ρ(r) in the integral
(Eq. 2) spans over the whole system of nuclei, the FA force
value is dominated by the contribution from the bonds of the
nucleus A due to the effect of its strongest electric field (Eq. 4).

Variation of the electron density function ρ(r) in a reaction
progress must bring the corresponding variation of the H–F
force on atoms affected by this process.

An important feature of this analysis stems from the
electrodynamical property of Fn−n

A :

∇A⋅Fn−n
B ¼ 0 ð5Þ

This is a direct consequence of the Laplace equation [9].
Calculating the divergence of the internuclear repulsion force,
as specified by Yamaguchi et al. [10], leads to the same result.
Thus, the second derivative of energy calculated from Eq. 1 as

−∇2
AE contains the electronic term exclusively, the divergence

of the H–F force on an atom: ∇A ⋅ FA. The divergences of force
are combinations of elements of the common Hessian matrix;
hence, this concept has opened new prospects for observation
of the electron density modifications upon a reaction.

aAξ ≡
d
dξ

∇A⋅FAð Þ ð6Þ

aAξ is the third derivative of energy; hence, it provides a

measure of anharmonicity (cubic force constants) [11]. It de-
scribes the change of the force constant (the divergence) of the
link of an atom (cumulative force constant) along the reaction
path. The term fragility, used in other branches of chemistry, has
been proposed for this quantity [6]. By the conceptual DFT
analysis, an important albeit approximate conclusion has been
arrived at: the electron density change around an atom in ques-
tion is reflected by the atomic fragility aAξ (Eqs. 6 and 7).

aAξ ∝
S
N
∫
dρ rð Þ
dξ

εA rð Þ½ �2dr ð7Þ

Here S is the global softness. Significant contributions to
the integral in Eq. 7 come from regions where the modifica-
tion of the electron density upon a reaction step is
nonnegligible (dρ(r)/dξ ≠ 0) and the electric field of the nucle-
us is still sufficiently strong; [εA(r)]

2 value under the integral
in Eq. 7 is recognized as the energy density of the electrostatic
field generated by nucleus A. Thus, observation of the atomic
fragility along the reaction path provides a spectrum of chang-
es in the electron density in bonding regions of an atom in
question [5].

Previously, computational studies of the molecular modifi-
cations upon intrinsic reaction coordinate have been brought
closer to the chemical reality by the concept introduced by
Toro-Labbé. The author proposed the reaction force be calcu-
lated as the energy derivative over the reaction progress (ξ) for
the system (super-molecule) traveling along the IRC path

[12–16]. The idea has been further developed by introducing
the reaction force constant [17–19] (the second energy deriv-
ative over ξ) and another global parameter for the reaction, the
electron electronic flux, an analogous derivative of the chem-
ical potential μ. Separation of these parameters into individual
atoms has also been demonstrated [20, 21]. However, the ef-
forts to describe the actual flow of electrons between atoms
remained inconclusive in this works [22].

This present work focused on the examination of the above
conclusion by the routine calculation along the reaction path
(IRC) of both the force divergences and the elements of the
density matrix (Dij), explored in the Wiberg concept of the
bond indices (WAB) and the atomic valence (VA) [23].

WAB ¼ ∑
i∈A

∑
j∈B

Dij
�� ��2 andVA ¼ ∑

B
WAB ð8Þ

For a test reaction, the well-recognized process of internal
rotation was selected in formamide, thioformamide, acet-
amide, and N-methyl-acetamide.

The hindered internal rotation around the C–N bond in
formamide and thioformamide has been intensively studied
theoretically due to its importance for understanding the con-
formations of peptides and proteins [24, 25]. The rotational
barrier in formamide is known to be lower than in its thio-
analogue [26]. Laidig and Cameron have argued that the pri-
mary difference between the two molecules is greater dona-
tion of charge to the NH2 from the CSH group than from the
COH group [27]. The ground state electronic delocalization
was found to make the largest contribution to the torsional
barrier by Mo et al. [28]. Ghanty & Ghosh found, in their
important DFT study, that (S)C–N bond order is higher that
(O)C–N for the two analogues, and also the calculated change
in the bond order in going from the planar to nonplanar struc-
tures is more for thioformamide [29].

Methods

The divergences of H–F forces are available from the
Cartesian Hessian as the appropriate sums of its elements
(Eq. 9, ref. 5, 6).

∇A⋅FA ¼ ∂FA;x

∂RA;x
þ ∂FA;y

∂RA;y
þ ∂FA;z

∂RA;z
≡CAA ð9Þ

Summation of the atomic terms produces the trace of the
Hessian, variable with the reaction progress (Eq. 10).

∑
A
∇A⋅FA ¼ TrC ð10Þ

The interatomic terms are calculated accordingly:

∇B≠A⋅FA ¼ ∂FA;x

∂RB;x
þ ∂FA;y

∂RB;y
þ ∂FA;z

∂RB;z
≡CAB ð11Þ
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By Eqs. 9 and 11 the entire connectivity matrixC (n x n) of
every system containing n atoms is defined. Its diagonal ele-
ments are equal to the sum of corresponding non-diagonal
ones in the column or the row of the matrix (cf. ref. 6):

∇A⋅FA ¼ −∑
B
∇B⋅FA ð12Þ

The atomic fragilities (Eq. 6) are additive and allow for
observation of the group fragilities (aGξ ) as well as the reaction

fragility (aξ).

aGξ ≡ ∑
A∈G

aAξ ¼ ∑
A∈G

d
dξ

∇A⋅FAð Þ ð13Þ

aξ≡
d
dξ

TrC
� �

ð14Þ

The trace of the connectivity matrix C is identical to the
trace of the Hessian matrix. Numerical results for the elements
of the connectivity matrix were obtained from the IRC energy
profile reproduced by the standard procedure [30] at the MP2
level using the 6–311++G(3df,3pd) basis set and the Gaussian
09 code [31]. The reaction progress parameter (ξ) was calcu-
lated in the mass-weighted coordinates with standard number
ca. 150 points over every reaction path studied [32]. The
Cartesian Hessian elements and the harmonic frequencies
were calculated separately using the geometry of the struc-
tures resulting from the IRC. The Wiberg indices WAB for
the formal bonds were calculated for each configuration of
reactants on the reaction path; atomic valences VAwere calcu-
lated according to Eq. 8. The effect of electronic flowwas also
assessed by the atomic charges calculated in three typical

computational schemes Mulliken, Hirshfeld, and natural or-
bital population analysis (NPA).

Two transition state structures (TS) were identified for the
internal rotation in formamide and thioformamide (for the rich
literature on the subject cf. ref. 28). They differ by the position
of the pyramidal −N�� H2 group with respect to oxygen (or
sulfur) in the COHN (CSHN) plane. TS1 has the nitrogen lone
pair anti to the carbonyl oxygen and TS2 has the nitrogen lone
pair syn to the carbonyl. For the purpose of this study the
rotation over TS2 was considered in formamide and
thioformamide, as it is characterized by higher energy, typi-
cally by 3 kcal mol–1 (ref. 25). For the pair acetamide/N-
methylacetamide, both TS1 and TS2 were considered.

Results

The energy diagrams for the internal rotation in two exam-
ple molecules are shown in Fig. 1; the reaction force (Fξ =

Fig. 1 Energy diagram normalized to the transition state value (in a.u.) and the reaction force span calculated for the formamide (a) and thioformamide
(b) internal rotation over TS2 (see text). Position of the minimum and maximum reaction force are marked as ξ1 and ξ2 accordingly

Table 1 Transition state energies and the position of two extremes of
the reaction force

Molecule Transition state ΔETS [kcal mol–1] ξ1 ξ2

Formamide TS2 18.75 −2.12 2.07

Thioformamide TS2 21.35 −2.23 2.18

Acetamide TS1 15.05 −2.04 1.98

Acetamide TS2 17.87 −2.34 2.29

N- methylacetamide TS1 14.27 −7.55 3.70

N- methylacetamide TS2 18.89 −5.48 4.07
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− dE/dξ) is also shown. The reaction coordinates corre-
sponding to the initial minimum (ξ1) and the final maxi-
mum ξ2 of the reaction force are collected in Table 1 for all
systems studied. The transition state energies reported in
Table 1 are in agreement with the results by other authors
[25]. The extremes of the reaction force reported in Table 1
serve as the routine guidelines indicating the reaction re-
gion supposedly dominated by the electron density chang-
es, while the initial and final regions are viewed Bas man-
ifesting the identities of the reactant(s) and product(s),
respectively^ [33]. The atomic fragility spectra provide a
critical test of this statement.

In the presented collection of fragility spectra for atoms
other than hydrogens (Figs. 2, 3, 4, 5, 6, and 7) the extreme
points typically appear well in the reactant or product regions,
not far from ξ1, ξ2 points, though. This tends to indicate that
electron density reorganization occurs along the structural
changes in the molecular backbone, with no significant effect
in the TS region for the rotation process observed in this work.

Atomic and group fragilities

Calculated atomic fragilities are presented for heavy atoms
and for selected groups of atoms. Fragilities for hydrogens

Fig. 3 The reaction fragility (Eq. 14, solid line) and the group fragilities (Eq. 13; NH2 and CHO/CHS) for the rotation in formamide (a) and
thioformamide (b) over TS2

Fig. 2 The atomic fragilities aAξ ≡ d
dξ ∇A⋅FAð Þ for heavy atoms in formamide (a) and thioformamide (b) for the rotation over TS2. The lines correspond to

atoms by their colors
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provide a minor contribution and are variable not only due to
the electron transfer along the peptide bond but also as a con-
sequence of the rotation of the group they belong to as a whole
(CH3). Effects of the subtle movements of an example hydro-
gen atom (NH in N-methylacetamide) are shown separately.

Effects of the subtle movements of an example hydrogen
atom (NH in N-methylacetamide) are shown separately. The
atomic fragility changes (Eq. 6) for heavy atoms in formamide
and thioformamide molecules are shown in Fig. 2, the group
fragilities for the rotation in these two molecules are in Fig. 3.
The results for acetamide/N-methylacetamide pairs are shown
in Figs. 4 and 5 (for TS1) and Figs. 6 and 7 (for TS2). The

diagrams of atomic fragilities (Bspectra^) for the formamide
and thioformamide (Fig. 2) very clearly show two downward
peaks for C and N atoms describing the synchronous density
decay in the region between these two atoms at the initial stage
of the reaction. The process starts as early as at ξ = −3.5 and
reaches its extreme at ca ξ = −2.5; the change is reversed sym-
metrically in the final reaction region. This observation indi-
cates that the essential electron flow occurs far from the TS for
these reactions (cf. Eq. 7), in the initial and final regions.

The characteristic difference between the oxygen atom in
formamide and the sulfur atom in thioformamide is well dem-
onstrated in their fragility spectra. Both tend to gradually gain

Fig. 5 The reaction fragility (Eq. 14, solid line) and the group fragilities (Eq. 13: NH2 &NH, CO, CH3) for the rotation over TS1 in acetamide (a) and N-
methyl-acetamide (b)

Fig. 4 The atomic fragilities (Eq. 5) for heavy atoms in the rotation over TS1 in acetamide (a) and N-methyl-acetamide (b). Lines correspond to atoms by
colors, different carbon atoms are labeled
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the density in their bonds upon the rotation; the corresponding
flat upward peaks appear at ξ = −1.4 and ξ = −3.4, respective-
ly. The much earlier response of sulfur atom to the rotation
may result from its significantly larger softness, as compared
to oxygen atom. The group fragility spectra in Fig. 3 provide
yet more information: by the density decrease in the C–N
bond, the NH2 group is considerably more affected than the
CHO group (or CHS). This matches the common chemistry
expectation: the decrease of C–N bond order is compensated
for the carbon atom by the increase in C–O bond order (con-
firmed by the WCO index), while the excess charge on the
nitrogen atom has no where to go. The reaction fragility ex-
tremes are larger in thioformamide than in formamide, which

is well in accord with the higher TS energy in the thio-ana-
logue. The extremes appear roughly at points where the reac-
tion force also has its peaks (Fig. 1): apparently, Fξ correctly
describes the general trend in this reaction, while atomic fra-
gilities provide more detailed information on the density flow
between individual atoms.

The spectra of acetamide are slightly more complex, al-
though their general shape is similar. The notable effect is
the character of the methyl group (Figs. 4a and 5a). When
the rotation goes over TS1, neither the group nor its central
carbon is affected by the process. For the rotation over TS2,
both the carbon (Fig. 6a) and the methyl group as a whole
(Fig. 7a) loses its bonding with the rest of the molecule. The

Fig. 7 The reaction fragility (Eq. 14, solid line) and the group fragilities (Eq. 13: NH2 &NH, CO, CH3) for the rotation over TS2 in acetamide (a) and N-
methyl-acetamide (b)

Fig. 6 The atomic fragilities (Eq. 5) for heavy atoms in the rotation over TS2 in acetamide (a) and N-methyl-acetamide (b). Lines correspond to atoms by
colors, different carbon atoms are labeled
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explanation is suggested by inspection of the structures TS1
and TS2 (Figs. 4a and 6a): rotation over TS2 (but not over
TS1) is brought about through space interactions between
NH2 hydrogens and CH3 hydrogens. This effect is even more
evident in the N-methyl-acetamide spectra.

Rotation in N-methyl-acetamide is considered as the two-
step process starting from a molecule with the cis configura-
tion of the two methyl groups with respect to the C–N bond.
Step 1 is 180o rotation to TS1, ending at the trans configura-
tion. Step 2 is further rotation by 180o over TS2 back to the
initial trans rotamer. The principal process again lowers the
bond order between N and 1C (Figs. 4b and 6b); however, the
role of carbon at the initial stage is less clear that it was in
acetamide. Only the group fragilities expose the effect
(Figs. 5b and 7b): the CO group as a whole loses its contact
with neighbors very slowly but regains it abruptly in the final
stage. The interactions between methyl groups (N–CH3 and
C–CH3) are clearly lost at the beginning of step 1 and are
regained at the end of step 2. Otherwise, the C–CH3 methyl
group is nonactive, in contrast to N–CH3 clearly responding to
the rotation especially at step 1 (Figs. 4b and 5b).

Observation of the hydrogen movement

The atomic fragility of the single (N)H hydrogen is chosen as
an example (Fig. 8), leading to important observation of a
more general nature. Fragilities of hydrogen are ca. one order
of magnitude smaller that they are for atoms participating in
the electron density flow vital for the reaction. Nevertheless,
precision of the numerical data for the connectivity matrix
diagonal elements in routine calculations (Eq. 9) is sufficient
to reproduce the fine details of the derivative defined by Eq. 6
(hydrogen fragility aHξ ). The origin of the remarkable peaks in

the final stage of the rotation may be assessed from

visualization of this process (see files in the attached
Electronic Supplementary Material). They appear to be a con-
sequences of the interactions (N)H with the neighboring
atoms, rather than an effect of the electron density flow along
the N–C–O skeleton.

By inspection of the animations it may be supposed that the
broad minima in the initial phase are associated with the grad-
ual transformation of the sp2 to sp3 hybridization of the nitro-
gen atom over the rotation by 120o (ξ < 0), the N–H bond
order is lowered. The final part of the rotation (by 60o, ξ > 0)
demonstrates two mysterious effects: regaining the bond order
typical for the sp2 hybrid (first peak) followed by lowering it
when the (N)CH3 group does the same (the downward peak)
and finally completing the process.

Fig. 8 Hydrogen atom fragility
for the (N)H atom in N-methyl-
acetamide molecules rotating
around the C–N bond over TS1
and TS2, respectively

Table 2 Linear correlation parameters for the relation between the non-
diagonal elements of the connectivity matrix (Eq. 11) calculated for the
bonds between atoms in the O–C–N skeleton of the molecules and the
Wiberg indices of corresponding bonds (Eq. 8): WXY = A ⋅ [−CXY] + B

Molecule Bond A B R2

Formamide
−3.9 < ξ< 3.9

C–O 5.31 −3.08 0.988

N–C 1.25 0.50 0.980

Thioformamide
−3.9 < ξ< 4.0

C–S 11.30 −3.38 0.986

N–C 1.37 0.49 0.991

Acetamide TS1
−4.2 < ξ< 4.2

C–O 4.16 −1.96 0.984

N–C 1.13 0.57 0.994

Acetamide TS2
−4.2 < ξ< 4.2

C–O 4.24 −2.04 0.998

N–C 1.25 0.57 0.981

N-methyl-acetamide TS1
−13.6 < ξ< 8.9

C–O 3.38 −1.23 0.967

N–C(O) 1.20 0.53 0.998

N-methyl-acetamide TS2
−14.8 < ξ< 7.2

C–O 3.71 −1.52 0.951

N–C(O) 1.34 0.47 0.974
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Bond orders and connectivity matrix

The bond orders calculated by the Wiberg formula (Eq. 8) are
compared to the negative of the corresponding non-diagonal
elements of the connectivity matrix (Eq. 11). The general lin-
ear correlation is found for the atoms other that the hydrogen
over the entire span of reaction coordinate (Table 2) for the C–
O and N–C bonds that are principal targets of this observation
in the entire set of the molecules studied. For bonds to external
groups (CH3), the correlation is limited to the regions only.
This is a consequence of the slight rotational motion of methyl
upon the reaction that affects the C–C and C–N bonds outside
the O–C–N skeleton in acetamide and N- methylacetamide, as
is clearly observed in the CH3 group fragility in Figs. 5 and 7.
The R2 parameters indicated in Table 2 confirm the meaning-
ful character of the linear correlations.

Atomic valences and the diagonal elements
of the connectivity matrix

Linear correlations are also observed between the diagonal
elements of the connectivity matrix and the atomic valences
as defined by Wiberg (Eq. 8). The results are presented in
Table 3 for O, C, and N atoms participating in the electron
density flow in the common structural skeleton of the mole-
cules. Parameter B of the linear correlation shows weak

dependence on the chemical environment, while the slope
(A) substantially varies between atoms.

Discussion and conclusions

Themost important finding of thiswork is perhaps the discovered
linear relation between the non-diagonal elements of the connec-
tivity matrix and the Wiberg bond indices (Table 1). The corre-
lation is clear for atoms directly participating in the electron flow.
For the side atoms (e.g., rotating methyl groups), correlation is
affected by other variable interactions, sometimes even between
distant atoms. The origin of the two quantities is quite different:
Wiberg indices are derived from the parameters of the wave
function (cf. ref. 23), while the connectivity matrix elements are
energy derivatives. The Wiberg indices are widely accepted as a
practical measure of the electron density modifications; the effort
was once made by Lendvay to observe their evolution with the
reaction progress [34]. The discovered simple relation of the
indices to the elements of the connectivity matrix tends to cor-
roborate the original suggestion that the fragility spectra indeed
reproduce the electron density change between atoms.

The correlations are even more important when the relation
between the valency of atoms and the corresponding diagonal
elements of the connectivitymatrix is considered (Table 2). Here,
the correlation parameters must be related to the properties of
one atom only. They seem to be characteristic for the type of an
atom: observed average slopes of the correlation for N, O, and C
atoms are 0.64(±0.1), 3.3(±0.3), and 0.1(±0.2); for a single ex-
ample of sulfur it is 7.61. The suggested a priori relation (Eq. 7)
may be helpful in finding the general solution of this problem.

The atomic fragility spectra provide important information
for a chemist, more vital than observation of a chosen bond:
how much and in what direction the valency of an atom is
modified upon a reaction. Given the precision of the data and
relative simplicity of their extraction, the atomic fragility spec-
tra provide an attractive tool for data compression that is great-
ly desired in chemistry (advocated by Mayer in his study, ref.
23), leading to a comprehensible yet quantitative picture of the
electron density evolution in a chemical reaction.
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Table 3 Linear correlation parameters for the relation between the
diagonal elements of the connectivity matrix (Eq. 11) calculated for atoms
in the O–C–N skeleton of the molecules and the Wiberg valency (Eq. 8):
VX = A ⋅CXX + B

Molecule Atom A B R2

Formamide
−3.9 < ξ< 3.9

O 3.17 −1.08 0.997

C 0.083 3.62 0.978

N 0.68 1.84 0.990

Thioformamide
−3.9 < ξ< 4.0

S 7.61 −1.69 0.994

C −0.30 4.32 0.991

N 0.92 1.54 0.988

Acetamide TS1
−4.2 < ξ< 4.2

O 6.12 −3.82 0.969

(O)C 0.21 3.42 0.980

N 0.70 1.81 0.991

Acetamide TS2
−4.2 < ξ< 4.2

O 3.06 −0.98 0.997

(O)C 0.057 3.70 0.925

N 0.64 1.89 0.992

N-methyl-acetamide TS1
−13.6 < ξ< 8.9

O 3.84 −1.65 0.959

(O)C 0.23 3.38 0.925

N 0.78 1.88 0.973

N-methyl-acetamide TS2
−14.8 < ξ< 7.2

O 3.13 −1.01 0.935

(O)C 0.17 3.50 0.976

N 0.73 1.96 0.955
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